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1 Introduction 

Inflation is the standard scenario for tlie generation of cosmological perturbations in 
tlie universe wfiicli are tlie seeds for tfie large scale structure formation and the Cosmic 
Microwave Background (CMB) anisotropics. Many inflationary models have been pro- 
posed so far since the original proposal by Guth |l|. The simplest possibihty is to assume 
the presence of a single scalar field with a potential V{(f)), undergoing a slow-rolling 
phase 0. The dynamics of the inflationary stage can then be studied introducing a 
set of slow-roll parameters 0, Q which are obtained from V{(j)) and its derivatives V, 
V", ■ ■ ■, V^"'^ with respect to the inflaton field (p. The physical observables can be ex- 
pressed in terms of these parameters. The scalar perturbations are generally expected 
to be adiabatic, nearly Gaussian distributed and (almost) scale-free (i.e. with power- 
spectra oc /c"). Furthermore, the tensor modes (gravitational waves) are Gaussian and 
scale-free. The scalar and tensor spectra can be parametrized as 

AUk) = Aliko) (^) ' , AUk) = AUko) (^) " , (1) 

where k^^ is a typical length scale probed by CMB experiments. The main observables 
are four: the two amplitudes and the spectral indices rix and ns- They can be expressed 
in terms of the slow-roll parameters 

_ mil (y'Y _ mliV 

^~ 16^ \VJ ^~"87"K ' 

(with e, ?7 <^ 1 during slow-roll) via the relations n^ = 1 — 6e -|- 2?7, ut = —It and 
A'^/A'^ = e. For single-field models, 

nT = -2e, -f = 6 ^ nT = -2^. (3) 

The so called consistency relation ut = — 2A|i/y4| reduces the number of independent 
observables to ns, the relative amplitude of the two spectra and the scalar perturbation 
amplitude (which might be determined by normalizing to COBE data). 



Pi(y\ r/ = ^^4-, (2) 



Analyses of the observed CMB anisotropies have so far assumed this kind of power- 
spectra as far as the primordial perturbations are concerned (see, for example, 0). 
One should emphasize, however, that the theoretical predictions for the initial cosmo- 
logical perturbations should be at the same level of accuracy as the observations in 
order to constrain the cosmological parameters {Qtot,^b,h, etc.). The forthcoming set 
of data on the CMB anisotropies provided by the MAP [Q and Planck ^ satellites 
are expected to reduce the errors on the determination of the cosmological parameters 
to a few percent [||. This implies that the assumption that inflation has been driven 
by a single scalar field may turn out to be an oversimplification and that it would be 
useful to consider alternative possibilities to the simplest single-field models of inflation. 
For instance, adiabaticity and/or Gaussianity may not hold 0, [10|, |ll|. Isocurvature 



perturbations can be produced during a period of inflation if more than one scalar 
field is present. It could be the case of inflation driven by several scalar fields (the so 
called "multiple inflation"), or one where inflation is driven by a single scalar field (the 
inflaton), with other scalar fields whose energy densities are sub dominant, but whose 
fluctuations must be taken into account too [O. We will use and xi {^ = 1? ■■■^K) 



to indicate all the scalar fields, keeping in mind that, if the case, (p plays the role of the 
inflaton, and xi of the extra degrees of freedom. It is likely that in the early universe 
there were several scalar fields; moreover, from the particle physics point of view, the 
presence of different scalar fields is quite natural. An example is given by the super- 
gravity and (super) string models where there are a large number of the so called moduli 
fields. Another example is the theories of extra-dimensions where an infinite tower of 



spin-0 graviscalar Kaluza-Klein excitations appear [13|. 

On the other hand, isocurvature perturbations, once generated during infiation, could 

not survive after infiation ends 0, ^ 15, 1^. If during reheating all the scalar fields 



decay into the same species, the only remaining perturbations will be of adiabatic type. 
In the case of adiabatic plus isocurvature fiuctuations, an interesting issue is the possible 



correlation between the two modes of perturbation. In fact, until recently, only inde- 
pendent mixtures of adiabatic and isocurvature modes were considered |]T^ . In Ref . [^ 



the effects of the correlation on the CMB anisotropics and on the mass power spectrum 
has been considered. It has been found that several peculiar imprints on the CMB spec- 
trum arise. In that case the correlation has been put hy hand as an additional parameter 
for structure formation at the beginnig of the radiation dominated era. In Ref. ||19|| , 



instead, a specific realization of a double inflationary model with two non interacting 
scalar fields was studied as an example for the origin of the correlation during inflation. 



A clear formalism was introduced in Ref. ||20[ to study the adiabatic and the isocur 



vature modes and their cross correlation in the case of several scalar fields interacting 



through a generic potential V{(f),xi)- Iii ^ previous paper I^T] we have shown that, in 
the presence of several scalar fields, it is natural to expect a mixing and an oscillation 
mechanism between the fluctuations of the scalar fields and xi) i^i ^i manner similar 
to neutrino oscillations. This can happen even if the energy density of the scalar fields 
Xi is much smaller than the energy density of the field 0. The correlation between the 
adiabatic and the isocurvature perturbations can be read as a result of this oscillation 
mechanism. 

The aim of this paper is to express the spectra for the adiabatic and isocurvature modes 
and their cross-spectrum in terms of the slow-roll parameters. We will show that, as for 
the standard single-field case, the physical observables are not independent, but there 
exist specific consistency relations which are predicted theoretically. Analyses of the 
present CMB anisotropics data coming from the BOOMERang and MAXIMA-1 exper- 



iments have been recently made |]22| and used to constrain adiabatic and isocurvature 
perturbations; a study of the impact of isocurvature perturbation modes in our ability to 
accurately constrain cosmological parameters with the forthcoming MAP and PLANCK 
measurements has been made in Ref. [Q. However, in all these studies the physical 
observables {i.e. the different amplitudes and spectral indices) have been considered 



as independent parameters. Our findings, instead, indicate that the interplay between 
the cosniological perturbations generated during the inflationary epoch imposes some 
consistency relations among the physical obervables which could be tested in the future. 
The plan of the paper is as follows. In Section 2 we briefly recall the basic deflnitions of 
isocurvature and adiabatic perturbations, and deflne the correlation spectrum. In Sec- 
tion 3 we discuss the generation of the correlation during an inflationary period where 
two scalar flelds are present, making an expansion of the solutions in slow-roll parame- 
ters. In section 4, we derive the expressions of the spectra soon after inflation and from 
these we calculate the amplitude ratios and the spectral indices to give the consistency 
relations between them. Finally, Section 5 contains some concluding remarks. 

2 Basic definitions 

Let us consider a system composed by A^ components. These could be the N scalar 
flelds during inflation or the different species which are present deep in the radiation era 
after inflation. Adiabatic perturbations are perturbations in the total energy density of 
the system, while isocurvature (or entropic) perturbations leave the total energy density 
unperturbed by a relative fluctuation between the different components of the system. 
Thus adiabatic perturbations are characterized by a perturbation in the intrinsic spatial 
curvature, while the isocurvature perturbations do not perturb the curvature. 
In order to have isocurvature perturbations it is necessary to have more than one com- 
ponent and at least one nonzero entropic perturbation Sa/s P^ : 



^./3-T^-T^^O, (4) 

where 6a = Spa/pa , Wa = Pa/ Pa (the ratio of the pressure to the energy density), and 
a and (3 stand for any two components of the system. Sap is a gauge-invariant quantity 
and measures the relative fluctuations between the different components. Adiabatic 
perturbations are characterized by having Saf3 = for all of the components. Thus in 
general there will be one adiabatic perturbation mode and A^ — 1 independent isocur- 



vature modes and one must consider adiabatic plus isocurvature perturbations. 

For a generic cosmological perturbation A(x), it is standard to define its dimensionless 

power spectrum Pa as: 

(AkAk')=27r2A;-3p^(A;)5(k + k'), (5) 

where the angular brackets denote ensemble averages and A^ is the Fourier transform 
of A(x): 

Ak = ^/d^xe-^-A(x). (6) 

Thus for two quantities Ai(x) and A2(x) it can be defined a cross spectrum as: 

(AikAsk') = 27rH-'C^,A,{k)5ik + k'). (7) 

3 Adiabatic and Isocurvature perturbations from 
inflation: a slow-roll formalism 

As already mentioned in Section 1, adiabatic and isocurvature perturbations can be 
produced during a period of inflation in which more than one scalar field is present. 
One of the difficulties in studying mixtures of isocurvature and adiabatic perturbations 
produced during inflation is that, in general, one cannot trace back the adiabatic mode 
to the perturbations of some of these scalar fields only, and the entropic modes to the 
perturbations of the remaining scalar fields. Rather the fluctuations of all of the scalar 
fields contribute to the adiabatic and isocurvature modes. On the other hand, this is 
the reason why one must expect a correlation between them. In this respect the authors 
of Ref. [^] have provided a general formalism to better disentangling the adiabatic and 
isocurvature perturbation modes. 

Let us now enter into the details. For simplicity we will restrict here to the case of two 
fields, and x with a generic potential V{(j), x)- I^ order to study the field perturbations 
Sep and Sx, we can write the line element for scalar perturbations of the metric as: 

ds'^ = -{l + 2A)df + 2aB^,dx'dt 



+ c? [(1 - 2^)bi^ + 2Eij-] dx'dxK 



Thus the equation for the evolution of the perturbation (50/ (/ = 1,2 and b^\ = Scj), 
6(j)2 = ^x) with comoving wavenumber k = 2iTa/X for a mode with physical wavelength 
A is: 



J 



a^ 



-2V^,A + (Pi 



A + 3^p + —{a^E-aB) 



a" 



(9) 



where the dots stand for time derivatives. 

In the following we will recall the basic equations and results of Ref. |^. It is possible to 
define the adiabatic and entropy fields {6 A and 6s respectively) in terms of the original 
ones 6(j), 6x as: 

6 A = {cos (3)6(f) + {sm(3)6x (10) 



and 



where 



COS/9 



6s = {cos P)6x — {sin P)6(j), 



sin/3 



X 



+ X 



;/2 



+ X 



i>2 



Introducing the gauge-invariant Sasaki- Mukhanov variables [BB] 



Qi = 6(pi + -^i), 



it can be checked that 6 A and 6s can be rewritten as 



Qa = {cos i3)Q^ + {sin i3)Q 



X' 



6s = (cos/5)(5x — {sin l3)Q(f,. 

Note that the entropy field 6s is gauge-invariant. 
The curvature perturbation p5|] 



n = HY: 



N 



r\^j=iv>'j 



Qi 



'111 



12) 



(13) 



(14) 
(15) 



(16) 



can be written in terms of the adiabatic field Qa in the same way as in the single scalar 
field case: 

n = ^QA. (17) 

The master equations are the evolution equations for the quantites defined in Eqs. ([I^ ) 
and ([T5|). They read: 



5s + 'iHds + K + K. + 3/32 Us = ^TTTTT* 
\a^ A 27TGa^ 



'U 



and 



Qa + SHQa + 






Q. 



2{$Ssy-2(^ + ^]$6s 



(19) 



where V,. 



sm 



(3)V^^ - (sin2/?)\/^^ + (cos2/?)l^^^, A = (cos/3)0 + (sin/3)x, 



Vaa = (sin'/3)K,x + (sm2/5)V^;, + (cos^/?)^^^, Ki = (cos/5)V^^ + (sin /?)!<,; ^ = ^ 
in the longitudinal gauge, and we use the notation V^^ = dV/dcpj. 
Following Ref. [^, let us take at horizon crossing during inflation: 

Hk 



Q 



I\k=aH 



^W 



e/(k), 



(20) 



where I = (j),x, H^ is the Hubble parameter when the mode crosses the horizon [i.e 
ttkHk = k) and e^ and e^ are independent random variables satisfying 



(e,(k)) = , (e,(k)e}(k')) = 5ij (5(k - k') . 



(21) 



These initial conditions are strictly valid only for modes well within the horizon. Indeed, 
as emphasized in Ref. |^, curvature and isocorvature perturbations become cross- 
correlated as soon as they leave the horizon when the oscillations between these two 
modes is resonantly amplified. 

For super-horizon scales, k <^ aH, we can neglect all terms proportional to k"^ /o? 
in Eqs. (|T8|) and ([T9|), and consider only the non- decreasing modes which amounts to 



neglecting the second time derivatives. Thus it follows: 

Qa ^ Af{t)+P{t), (22) 

5s ~ Bg{t), (23) 

where f{t) is the general solution for the homogeneous part of Eq. ([T^), P{t) is a 
particular integral of the full Eq. (|19|), and g(t) is the general solution of Eq. (plsl). The 
amplitudes A{k) and B{k) are given by: 

A{k) ^ ^e^(k) , B{k) ^ ^e.(k) , (24) 

VZk'^ y2k-^ 



where e^(k) and es(k) are random variables satisfing the same relations of Eq. (|2TD. 
P{t) can be written as P{t) = BP{t). From Eqs. (H), (H) and (H) one gets the 
expression for Qa and 5s spectra and their cross-correlation during inflation: 

Vq. ^ {^)'\\f\ + \P'\], (25) 



rs^ 


V27ry 


1/^ + p'' 


Vss 




''-Qa&s 




l)^^. 



(26) 

(27) 

3.1 Slow-roll expansion 

The most important comment on the previous formulas is that the correlation is nonzero 
when P is nonzero (we are considering that, in general, in a multicomponent system 
5s 7^ 0). On the other hand P is nonzero only when the source term on the right 
hand-side of Eq. (|T9D is nonzero. This happens when the time derivative of the angle /3, 
defined in Eq. ([T^), is not vanishing. Note that this is also the condition for the evolution 
of Qa and 5s not to be independent, since in this case 5s feeds the adiabatic part of 



perturbations on large scales, as observed in Ref. pOi. In the language of ref. pTI this 



can be rephrased saying that the probabihty of oscillation between the perturbations 
of the scalar fields is resonantly amplified when perturbations cross the horizon and 
the perturbations in the inflaton field may disappear at horizon crossing giving rise 
to perturbations in scalar fields other than the inflaton. Adiabatic and isocurvature 
perturbations are therefore inevitably correlated at the end of inflation. Provided that 
(5s 7^ - we can conclude that the correlation will be present under the condition /3 7^ 0. 
It is remarkable that only in some special cases this condition is not satisfied. As can be 
checked from Eq. ([T2|) , (3 is exactly constant in time if there are attractor-like solutions 
for the evolution of the two fields and x of f he kind x oc 0. For example, this is the 
case of the models of assisted inflation [^. Therefore, if the entropic modes are not 



strongly supressed during inflation, the correlation between isocurvature and adiabatic 
perturbations is quite natural to arise. 

Now let us introduce the following generalization of the slow-roll parameters (see Eq. 
(2)) in the case of two scalar fields: 

where V^^^ = dV/dcj)!, and 0/ = or x- 

We have expanded the master equations ([l^) and (|19D to lowest order in these param- 



eters, since during inflation e/ and r]ij are <C 1. In the following we will quote only the 
main results. More technical details can be found in the Appendix A. 
For non decreasing modes and k <^ aH the Eq. ([T8| ) can be written as: 



5s = -^(Ks + 3/52)5s. (29) 

Note that n1 = Vss + 3/3^ is the effective mass for the entropy field. To lowest order it 
is given by: 

- "• - ~^r„, + 2 '^^><^v/^> „,, - il,„ . (30) 



<J-n ttot ^tot ^tot 

The sign ± stands for the cases (x) > and < respectively, and etot stands for 
(£</, + ex)- 



Starting from Eq. (|23| ) the resulting solution for 6s will be: 



6s - B{k)g{t) 
= B{k) exp 






;±v^)(±v^ 



^tot 



^tot / 



(31) 



where A^^ — ^(^) = /* Hdt. N{t) = J^^ Hdt, with tf the time inflation ends, is the 
number of e-folds between the end of inflation and a generic instant t, Nf^ = J^^ Hdt = 
ln{af/ak) is the number of e-folds between the time t^ the mode crosses the horizon 
and the end of inflation. Typically, A^^ — 60 as far as large scale CMB anisotropics are 
concerned. 

In order to write Eq. (^I]), we have neglected the time dependence of the term that 
appears as a combination of the slow-roll parameters, since its time derivative is 0(e^, f]"^) 
[] and so we have extracted this term out of the integral N^ — N{t). Since it can be 
treated as a constant, it can be evaluated at horizon crossing, k = aH. At the end of 
inflation 6s will be: 

(±v/^)(±v/^ 



6s\tf = B{k) exp 



+ 2- 



^tot ^tot 

As for the adiabatic mode, Eq. ([19D can be written as: 



-^0x - —Vxx ^k 

^tot J 



(32) 



Q. 



1 



3H 



Vaa -P'- 



8nG a^A 



3/12^ 



H 



Qa + 



3H 



im-(^ + §)$ss 



(33) 



Putting the entropic solution (|3ll) into Eq. (|33|) , and following the same procedure of 
expansion in the slow- roll parameters, we find the adiabatic solution (^21) : 



/Wit/ =exp 



^x ^0 
' Vxx 

^tot ^tot 



-2- 



^tot 



■7]^^ + 2etot Nk 



and 



Pit)\ 



tf 



I 
H 



9it)\ti 7^( 



,CN^ 



l.o. 



c 



-I) 



(34) 



(35) 



^With 0{e, rj) and 0{e^, rf^) we indicate general combinations of the slow-roll parameters of lowest 
order or next order respectively. 
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where 



l.o. 



is the expression of (5 /H to lowest order: 



H 



A l.o. 



^tot 



'-V<Px + 



and C is given by: 
C = 
Again 



^4' ^x^ I ^x ^<t 
'Ixx ' 






[±x/e^)(± 



iVH - Vxx) 



(36) 



■V(l>x + '^^tot ■ 



(37) 



^tot ^tot ^tot 

and C - which are 0(e,ri) - have been treated as constant and can be 

5. 

taken at horizon crossing when k = aH. 

Now we are able to give the expressions for the spectra (pSj), ( pB]) and ([27|): 



Pc 



i^y 



2nJ 



\fm, 



1 + 4 



if 



-I 2 



1 , 
^(1 



V5s 



2^j 



exp 



Ctoi 






and 



f Hu^ 



CqaSs - (^ 27r 



H 



1 



^^Wk7^(e"^^^--1 



-ciVfc^2 



^0x - 2-^^xx Pfc 

ctot / 



i.o. 



^/ C 



(38) 
(39) 

(40) 



Since the isocurvature perturbation 6s is a source for the adiabatic one, the curvature 
perturbation spectrum, which characterizes the adiabatic mode, does not remain con- 
stant during inflation in general, unlike the single field case (see, for example, Ref. ||28|| ). 
This is the reason why we have evaluated all the previous expressions at the end of in- 
flation. In the next section we will specify the initial conditions in the post inflationary 
epoch. 

A few comments are in order here. As can be seen in Eq. (^) the cross correlation 
is proportional to (3, as already mentioned at the beginnig of this section. Moreover it 
depends on the factor e'"^*=, which is the ratio between / and g. In other words, C is 
(/ig — yU^)/3if ^ to lowest order, where fi^ and fi\ are the effective masses for the entropic 
and adiabatic perturbations (the terms proportional to 6s and Qa in Eqs. (|^), (0))- 
This means that, in order to have a strong correlation, what is important is just the 
relative magnitude of the adiabatic and the entropic masses, even if they are both 0{e). 
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This result is in agreement with our previous findings ||21| , where we have demonstrated 
that the correlation emerges as soon as there is a mixing between the original fields 
and X ci-nd that this mixing can be large even if the masses of the scalar fields are all 
0{ei,riij). 

4 Initial conditions in the post inflationary epoch 

In the following we will assume that the mixing between the scalar fields is negligible 
after infiation and that, for example, the field decays into "ordinary" matter (present- 
day photons, neutrinos and baryons), and the scalar field x decays only into cold dark 
matter. The field x could also not decay, as it happens in axion models. In fact, if 
during reheating all the scalar fields decay into the same species, the perturbations 
will be only of adiabatic type deep in the radiation era: no relative fiuctuations S^p is 
generated. In the present case a CDM-isocurvature mode will survive after infiation. 



Using the notation of Section 2 and Ref. [19|, we can write: 



^CDM — ScDM-rest + ^A , ^A — -^-y — 7^1/ — ^b (41) 



3, 3 

4 ' 4 



where Sa specifies the amplitude of the adiabatic mode of perturbations, and "rest" 

stands for ordinary matter. 

In order to set the initial conditions for the evolution of cosmological perturbations, 

and which can be used in some numerical codes calculating the CMB anisotropics, we 

must link the two relevant quantities ScDM-rest and TZ deep in the radiation era to the 

infiationary quantities 5s and Qa- 

For the adiabatic perturbations this is immediate from Eq. (|l] 



TT 

Tlrad = -jQa (42) 

where the right hand-side of this equation is evaluated at the end of infiation. 
As far as ScDM-rest is concerned, it is useful to introduce the following quantity: 

^x<P = — -J-- (43) 

X (p 
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For the scalar fields and x the isocurvature perturbation S^^, Eq. (^), results S"^,^ = 

On the other hand: 

5s = /'^ . 5^^ . (44) 

V X^ + 0^ 
Then, to lowest order in the slow-roll parameters, one finds: 

Oy<i = —3 — ——-^ -OS . 45 

""^ mpi (±ye^)(±^) ^ ' 

To match to the radiation epoch we take ScDM-rest = 5'^</. at the end of infiation. 



4.1 Observables: Amplitudes and spectral indices 

In this subsection we will give the explicit expressions for the power spectra of the 
adiabatic and isocurvature modes, and their cross correlation. To lowest order, they 
can be written as power laws oc fc", in a way analogous to the single scalar field models 
(cfr. Eq. (1)). This means that there will be three amplitudes and three spectral indices. 
Moreover we have taken into account also the tensor perturbation (gravitational-wave) 
spectrum, yielding a total of four amplitudes and four spectral indices. Indeed, we must 
consider the normalization that fixes one amplitude and will bring to seven observables. 
On the other hand the reader should remind that we have introduced five slow-roll 
parameters. In the single field case there are three observables (the tensor to scalar 
amplitude ratio yl^/y4|, ns and ut)-, and one finds one consistency relation between 
A^/Ai; and rij' (see Eq. (^)). Thus in the present case we expect to find two consistency 
relations between the observables. To fit the CMB anisotropics one must consider the 
initial fiuctuation spectra with their amplitudes and spectral indices. The existence of 
such consistency relations means that not all the amplitudes and spectral indices must 
be considered as independent. 
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For the curvature perturbation 7?., it results from Eqs. ( p5D and 



P- 



4vr fH, 



7^ 



ni 



PI \2n J etot 



\f\ + \P' 



(46) 



where we have used the fact that (A/H)'^ = mp; /47r etot- 

If not written otherwise, we intend this and all the subsequent expressions evaluated at 

the end of inflation for the reasons explained at the end of Section 3.1. 

For the isocurvature perturbation S, we can write from Eqs. (126|) and (^5|): 



Vs = 9 



47r /Hk 



rripi \ 27r 






(47) 



Finally, for the cross-spectrum Vc we find from Eqs. 



and 



Vc 



-6 



Air 
mil 



I 
H 



l.o. 



\2ix) C^ \±^)i±^) 



9 



(4J 



Now we can calculate the spectral indices to lowest order. They are defined as 

d\nP 



n — 1 



din A; 



(49) 



The dependence of the above expressions on the comoving wavenumber k comes from 
Hfs, Nf^, and those slow- roll parameters which are evaluated at horizon crossing, and 
which are contained in /, g, [j3/H]io. and C. Therefore, in order to calculate n to lowest 
order, we have made use of the following formula: 



c^lnP dlnV 



d\nk d\n{aH) 
The spectral indices read|: 
dlnVn 



^tot) 



aH=k 



d\nV 
din a 



aH=k 



(50) 



rni- 1 



d\n.k 



D ttot + ^ Tlxx + ^ '70X + ^ 

^tot ^tot ^tot 

;,n 2 



1 + ^ 



H 



-CNk 



:i 



-CNk-^ 



(51) 



^Note that the correlation can be positive or negative. In this case the spectral index can be defined 



as n 



d\n\V\ 
dink 



In the expressions below we have already taken it into account. 



Our definition of the isocurvature spectral index differs from niso as given, for instance, in refs. 



Olll; one has n\, 



ns 
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" in fc ejot etoi Ctot 



where all the slow-roll parameters are evaluated aX k = aH. 

As far as the tensor power spectrum is concerned, it is immediate to generalize the 

standard result for a single-field model (see, for example, 0). To lowest order it is: 



V' 



A H V 



T 



"7T nipi 
and thus the spectral index ut reads: 



k=aH 



(54) 



Ut = ,, , = -2 Ctoi • (55) 

As can be seen from Eq. ([^), in the case of a single field (for example (p) we recover 
the standard result: 

uti - I = -Q e<p + 2 1]^^. (56) 

It can be checked that, to lowest order in the slow-roll parameters, these spectral indices 
can be treated as independent of k, and so the spectra can be approximated, to the 
desired accuracy, as power laws. 

4.2 Consistency relations 

In order to get the consistency relations we have inverted the equations defining the 
observational quantities V-jifPs, V-jifPc, Vti/Vt, n-ji, n^, ric and ut in terms of the 
slow-roll parameters. 

Let us multiply the power spectra by suitable coefficients which are conventional in 
literature (see Ref. §): A"^ = ^Vn, Al = ^Ve and A^ = ^Vt- 
Defining 

^T^§- (57) 
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(not to be confused with the more traditional tensor-to-scalar quadrupole ratio) and 

'■c--v4-. (58) 

we have found the following consistency relations (the interested reader can find the 
details in Appendix B) 

rr = -^nril-rl), (59) 

{nc-ns)rT = — —{2nc-ns-nn). (60) 

A few comments are in order at this point. From formula (0), one can easily recover 
the single-field model prediction, since in this case A'^ vanishes and tit = —2A'^/A'^. 
We also learn from ([59| ) that the tensor to adiabatic scalar amplitude ratio is smaller 
than —riT/l as soon as the adiabatic and entropy modes are cross-correlated. Eq. ( [59| ) 
is a proof of the generic statement that tt < —rirp/'i in the multi-component case (see, 
for example, |]5D|, PT|). 

Eq. ( pPP applies only when tq 7^ 0; if the adiabatic and isocurvature modes are 
not correlated (as, for instance, in the case of assisted inflation [^) there is only one 
consistency relation, which corresponds to the standard formula r^ = — nj^/2. 

The consistency relation (|60|) can be further simplified if the slow-roll parameters 
are smaller than 1/Nk. In such a case, to lowest order we get 

tt = -^nx, (61) 

ns = n-ji- (62) 



The consistency relations ( pD| ) and (pDD (or (pT| ) and (§2|)) are the main results of 
this paper. 
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5 Conclusions 

In this paper we have considered the possibihty that a CDM-isocurvature perturbation 
mode can survive after an inflationary period in which two scalar fields are present. 
Linking the post inflationary epoch to the dynamics of inflation, under the slow-roll 
conditions, it is possible to get the expression for the spectra of the adiabatic, the isocur- 
vature modes and their cross-correlation spectrum in terms of the slow-roll parameters 
defined for the two scalar fields. From these expressions two consistency relations follow. 



Eqs. ( |59D and (|60D , in analogy to what one finds in the single- field case. Thus these 
relations consitute a strong signature of inflation models with more than one scalar 
field. For an analysis of the CMB anisotropy measurements, these relations between 
observables must be taken into account, as a prediction of inflation. The main trend 
is actually to consider all the possible isocurvature modes (CDM, baryon, neutrino and 
neutrino velocity isocurvature modes) in a phenomenological way, considering all the 
amplitudes and the spectral indices as independent observables [^ ^. Even if the 



present treatment does not consider the possible origin of isocurvature modes different 
from the CDM one, it could be easily extended to the case of more than two scalar 
fields giving rise to many isocurvature modes. Our analysis clearly indicates that, in an 
inflationary scenario for the production of primordial perturbations, not all the observ- 
ables have to be treated as independent. This has strong implications for our ability 
to accurately constrain cosmological parameters from CMB measurements in models 
where both adiabatic and isocurvature modes are present. 

Appendix A. Slow-roll expansion 



Here we report in more detail the calculations leading to Eqs. p9| ) and ( p3| ) to lowest 

order in the slow- roll parameters e/ and rjij. 

Using the definiton of the adiabatic and entropic fields, Eqs. ([T^ and ([15|) , and Eq. 
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we obtain the initial conditions at the time t^ of horizon crossing: 



Q. 



=eA(k) , 5s ^ — ==es(k) . 



/2A;3 



/2A;3 



(A.i: 



The solution of Eq. @ will be: 

6s = B{k) exp 



* f^'s 



Hdt 



where /x^ = V^^^ + 3/?^. Let us recall the explicit expression of Vgs '■ 
Vss = (sin2 p)V^^ - (sin 2P)V^^ + (cos^ P)V^^ . 



(A.2) 



Using Eq. ([T2|) , we get: 



sin^/3 



X^ 



(A.3) 



(A.4) 



02 + x^ etot 
where etot = ^if> + ^x ^^^ ^^ have used the following relations holding to lowest order: 

Stt __ , , . 1 dV 



H' 



3mli 



^(0, X) and (j)i 



SHdc^i 



(A.5) 



Since V(j,^/H'^ = 3 r^^,^, we obtain: 



sin2/?^=3i^ 



(A.6) 



In the same way one calculates the other two terms on the right hand-side of Eq. ([A.3|) 

leading to (|30|). 

The quantity P'^/SH'^ may be neglected since it is 0{e^, rf): 



f3 2 /o 1 (i(tan/3) e,^ 1 (i(tan/3) 

— - cos fJ— — - — -— — 



(A.7) 



with 



1 rf(tan/3) 1 X0-X0 



H dt 



H 



— [-Vxxi^V^) - V^xi^V^) + etot(±v^)](±v/^) + 






(A.^ 
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and thus 



I 
H 



l.o. ^*°* 



The function g{t) is: 
g{t) = exp 



^tot 



:±v^)(± 



^tot 



^tot J 



(A.9) 



(A.IO) 



Recall now Eq. ( p3D for the adiabatic perturbation Qa'- 



Qa = a{t) Qa + h{t) , 



where 



and 



a{t) 



hit) 



1 




2 


\ ■ (Va H\ . A 
{(36sy - H^ + 77 (36s 



(A.ii: 



(A.12) 



(A.13) 



The homogenous solution f{t) is given by exp[// a{s)ds\. We expand a{s) to lowest 
order. The same procedure for Vss/ H"^ holds for Vaa/ H"^, and /?^/if ^ is again neglected. 
As far as the last term in a{t) is concerned, one has 



1 SvrG (a^A^' 



H^ a? \ H ) 
Since A = (cos/3)0 + (sin/?)x, it follows: 



Svr A^ Stt 1 fA^ 



m p, iJ2 ' ^2^^ H"^ \H 



^pi 



(A.14) 



<J — ^— -r:::^ — o — ^ ttt; — — Ctot ? 



mp; iiT^ 



m 



Pi 



H^ 



and 



iy2 I H 



m 



PI 



Arc 



H 



+ 



1 d ( H 



(A.15) 



(A.16) 



where we have used the formula A? jH'^ 



W^j Hdt\H'^^ 
-- {~ATT)-^mliH/H\ Since -H/H^ = etot 



to lowest order, the term in Eq. ( A.16 ) is negligible (it is easy to verify that the time 
derivative of etot is (9(e^,?7^)). 



Thus a(t) reads: 



a{t) ?7xx - -—Vh - ^ 

^tot ^tot ^tot 



'V<I>X + '^^tot 



(A.17) 
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and Eq. ( plD follows. 

Finally, we calculate the particular solution P{t) of the full Eq. 

exp[//, a{s) ds] fl exp[- J^ a{s) ds] b{T) dr . 
Inserting 6s, Eq.(|29|) into b(t), we find: 



This is given by 



/3 f3 1 



H H3H 



(Ks + 3$' 



A H H 



5s 



(A.18) 



where Va = (cos/?)V^+ (sin/5)K,.. To lowest order the only term which survives is -^ jj, 



which to lowest order is given by —2)H jj 
Thus h{t) reads: 

bit) = 2H 

and P{t) at the end of inflation becomes: 



l.o. 

I 
H 



9{t) 



(A.19) 



A l.o. 



pm 



I 

H 

I 
H 



l.o. 



I ' a(s) ds f f — I air) dr -.-. , ■. . 

e-^*fe / e -^'fc Hg{T)dT 

Jtk 



9{t)\t 



l.o. 



e'^^'^^Rdt 



(A.20) 
and^(t)|i 

L.o. ^ 



where C is given in Eq. (|5^) and we have extracted from the integral 
since, to lowest order, they can be considered as being constant. The integral can be 
resolved by the change of variables Hdt = —dN and it yields C~^ (e'"^'= — 1). Thus Eq. 
(^) follows. 



Appendix B. Consistency relations 



To calculate the formulae (|59D and (0), we must take into account that there are seven 
observables expressed through five slow-roll parameters at horizon crossing. To invert 
the equations defining VufPs, Vn/Vc V-ji/'Pt, n-ji, ns, ric and riy, we have made 
a change of variables using five combinations of the slow-roll parameters at horizon 
crossing which are always found in the expressions for the observables. They are: 



'I 
H 



X 



(B.l) 



ll.o. 
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\f\\ ^ u>0 
g\ = r>0 

^tot\k=aH 



(B.2) 
(B.3) 
(B.4) 



and 



2^ 



_4. 



-^^ V<t>x + 2-^^xx 



(B.5) 



\ ^tot ^tot 

Note that in our results for the spectra, Eqs. (|46|) , (|47|) and (^Sf), there appear also 
two expressions in the slow-roll parameters evaluated at the end of inflation, t = tf, 



and not only slow-roll parameters at fc = aH. They are etot\tf and (± y/e^){±y/e 



*/ 



However, we have taken etot equal to one at the end of inflation. So one can verify 



that l/p 



l/etot\k=aH, and therefore there are five variables again: x, u, r, the one 



defined in Eq. ( |B.6| ), plus (±y/e0')(±y/e 



X)\tf 



= s>0. 



In these new variables we have considered the following equations: 

1 Vp 



ns-ric 



riTi-ns 



Vn/Vs 



-^Vc/Vn 
-Vr/Vn 



riT 



2Nk v^ - 1 



Inp 



16 X 



, iVfc ^ - 1 
Inp p 



1 



F{x,p) 



s^ p F{x,p) 



1 s 1 



1 
36 — 



9 X 2Nk 
1 



Inp 



p 



v^ 



F{x,p) 



rp F{x,p) 
1 
rp 



where 



2 ^2 



F{x,p) = 1 + 16 X N^x 



(v^-1) 



(B.6) 

(B.7) 

(B.8) 

(B.9) 

(B.IO) 

(B.ll) 

fB.12) 



(lnp)2 p 

with p = - > 0, and we have used the fact that the quantity C given in Eq. (^) can 
be written as C ~ ;^ In ^. 
Using Eqs. (|B.8| ), ( |B.9| ), ( [B.lOp and (|B.11| ) one gets the first consistency relation Eq. 
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(p9|) eliminating the variables x and r. 

Eqs. ( [B.Tp and ( |B.1(]| ), eliminating x, give the following equation: 

'l-./p) fl-v^) 



-yrl y-R. - — ^ 



36VP + 36 iV^ns 



- 36 A^fc '^T^ 



(B.13) 



Inp Inp 

Using Eqs. ( p.6| ) and (p.l3| ), one gets the second consistency relation (|60D. The pro- 
cedure is as follows. We have defined w = Inp and 1 — ^Jp = z. Thus the consistency 
relation is found from the equation e"" = (1 — 2;)^, once the explicit expressions for w 
and z are obtained. This is straighforward leading to: 
-{nc -ns) 



1-z 



^nr^ 



(B.14) 



AVn 4: Viz 

w = -2Nk {nc - ns) - 36 Nk {nc - ns)nT -— 36 A^^ {nc - nn)nT - -r^ 



:B.15) 



From these equations we get Eq. 



In 



4(nc - ns)rT 
nT{ns + nTi- 2nc) 



m 



and 



{ns - nc) + 



nT{ns + nn- 2nc) 
4rT 



(B.16) 



In order to make the solution time-independent, consistently with our first-order 
slow-roll expansion, both sides of ( |B.16|) have to vanish. Equation (|60|) then follows. 
The relation (^) in the limit |C|A^fc *^ 1 can be easily derived by noting that nc — ns = 
-l/Nk and 2nc - ns - nn = -2/Nk. 
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